
INTRODUCTION TO SAMPLING DISTRIBUTIONS 

This module ties together the foundations of applied statistics: descriptive measures, basic 

probability, and inferential procedures. This module also includes a discussion of one of the most 

important theorems in statistics, the central limit theorem. Students may find it helpful to revisit 

this module from time to time. 

Learning Objectives 

Upon the completion of this module as a guide for learning, you should be able to: 

 To construct a sampling distribution of a statistic. 

 Understand how to use a sampling distribution to calculate basic probabilities. 

 Understand the central limit theorem and when to apply it. 

 Understand the basic concepts of sampling with replacement and without replacement. 

Learning resources  

Laptop/phone/tablet  

Notebook  

Internet  

Best library USA  

 

Faculty-created Online Learning Activities  

Module 

 

 Learning Activities  

Complete the module  

Present any given assignments in the required formats (ie PDF,DOC,PNG,PPT) 

 

 

 

 

 

 

 

 



INTRODUCTION TO SAMPLING DISTRIBUTIONS 

SAMPLING DISTRIBUTIONS 

The topic of this module is sampling distributions. The importance of a clear understanding of 

sampling distributions cannot be overemphasized, as this concept is the very key to understanding 

statistical inference. Sampling distributions serve two purposes: (1) they allow us to answer 

probability questions about sample statistics, and (2) they provide the necessary theory for making 

statistical inference procedures valid. In this module we use sampling distributions to answer 

probability questions about sample statistics. We recall from Module 2 that a sample statistic is a 

descriptive measure, such as the mean, median, variance, or standard deviation, that is computed 

from the data of a sample. In the modules that follow, we will see how sampling distributions make 

statistical inferences valid. We begin with the following definition. 

The distribution of all possible values that can be assumed by some statistic, computed from 

samples of the same size randomly drawn from the same population, is called the sampling 

distribution of that statistic. 

Sampling Distributions: Construction  

Sampling distributions may be constructed empirically when sampling from a discrete, finite 

population. To construct a sampling distribution we proceed as follows: 

1. From a finite population of size N, randomly draw all possible samples of size n. 

2. Compute the statistic of interest for each sample. 

3. List in one column the different distinct observed values of the statistic, and in another column 

list the corresponding frequency of occurrence of each distinct observed value of the statistic. 

The actual construction of a sampling distribution is a formidable undertaking if the population is 

of any appreciable size and is an impossible task if the population is infinite. 

In such cases, sampling distributions may be approximated by taking a large number of samples 

of a given size. 

Sampling Distributions: Important Characteristics  

We usually are interested in knowing three things about a given sampling distribution: its mean, 

its variance, and its functional form (how it looks when graphed). 

We can recognize the difficulty of constructing a sampling distribution according to the steps given 

above when the population is large. We also run into a problem when considering the construction 

of a sampling distribution when the population is infinite. The best we can do experimentally in 

this case is to approximate the sampling distribution of a statistic. 

Both of these problems may be obviated by means of mathematics. Although the procedures 

involved are not compatible with the mathematical level of this text, sampling distributions can be 

derived mathematically. The interested reader can consult one of many mathematical statistics 

textbooks, for example, Larsen and Marx (1) or Rice (2). 

In the topics that follow, some of the more frequently encountered sampling distributions are 

discussed. 

DISTRIBUTION OF THE SAMPLE MEAN 

An important sampling distribution is the distribution of the sample mean. Let us see how we 

might construct the sampling distribution by following the steps outlined in the previous topic. 

EXAMPLE 5.3.1 

Suppose we have a population of size N ¼ 5, consisting of the ages of five children who are 

outpatients in a community mental health center. The ages are as follows: 

 



 
Let us compute another measure of dispersion and designate it by capital S as follows: 

 
We will refer to this quantity again in the next chapter. We wish to construct the sampling 

distribution of the sample mean, ẋ, based on samples of size n = 2 drawn from this population. 

Solution: Let us draw all possible samples of size n =2 from this population. These samples, along 

with their means, are shown in Table 5.3.1. 

 

 
We see in this example that, when sampling is with replacement, there are 25 possible samples. In 

general, when sampling is with replacement, the number of possible samples is equal to Nn. 



We may construct the sampling distribution of ẋ by listing the different values of ẋ in one column 

and their frequency of occurrence in another, as in Table 5.3.2. 

We see that the data of Table 5.3.2 satisfy the requirements for a probability distribution. The 

individual probabilities are all greater than 0, and their sum is equal to 1. 

 
It was stated earlier that we are usually interested in the functional form of a sampling distribution, 

its mean, and its variance. We now consider these characteristics for the sampling distribution of 

the sample mean, ẋ. 

Sampling Distribution of ẋ: Functional Form  

Let us look at the distribution of ẋ plotted as a histogram, along with the distribution of the 

population, both of which are shown in Figure 5.3.1. We note the radical difference in appearance 

between the histogram of the population and the histogram of the sampling distribution of ẋ. 

Whereas the former is uniformly distributed, the latter gradually rises to a peak and then drops off 

with perfect symmetry. 

Sampling Distribution of ẋ: Mean Now let us compute the mean, which we will call , of our 

sampling distribution. To do this we add the 25 sample means and divide by 25. Thus, 

 
We note with interest that the mean of the sampling distribution of ẋ has the same value as the 

mean of the original population. 



Sampling Distribution of ẋ: Variance Finally, we may compute the variance of ẋ, which we call 

 as follows: 

 
We note that the variance of the sampling distribution is not equal to the population variance. It is 

of interest to observe, however, that the variance of the sampling distribution is equal to the 

population variance divided by the size of the sample used to obtain the sampling distribution. 

That is, 

 

The square root of the variance of the sampling distribution  is called the standard 

error of the mean or, simply, the standard error. These results are not coincidences but are examples 

of the characteristics of sampling distributions in general, when sampling is with replacement or 

when sampling is from an infinite population. To generalize, we distinguish between two 

situations: sampling from a normally distributed population and sampling from a nonnormally 

distributed population. 

Sampling Distribution Of Ẋ: Sampling From Normally Distributed Populations  

When sampling is from a normally distributed population, the distribution of the sample mean will 

possess the following properties: 

1. The distribution of ẋ will be normal. 

2. The mean, , of the distribution of ẋ will be equal to the mean of the population from which 

the samples were drawn. 

3. The variance, 𝜎
2

𝑥
 of the distribution of _x will be equal to the variance of the population divided 

by the sample size. 

Sampling from Nonnormally Distributed Populations 

 For the case where sampling is from a nonnormally distributed population, we refer to an 

important mathematical theorem known as the central limit theorem. The importance of this 

theorem in statistical inference may be summarized in the following statement.  

The Central Limit Theorem 

Given a population of any nonnormal functional form with a mean m and finite variance σ2 the 

sampling distribution of ẋ, computed from samples of size n from this population, will have mean 

m and variance σ2/n and will be approximately normally distributed when the sample size is large. 

A mathematical formulation of the central limit theorem is that the distribution of 

 
approaches a normal distribution with mean 0 and variance 1 as n      ꝏ. Note that the central limit 

theorem allows us to sample from nonnormally distributed populations with a guarantee of 



approximately the same results as would be obtained if the populations were normally distributed 

provided that we take a large sample. 

The importance of this will become evident later when we learn that a normally distributed 

sampling distribution is a powerful tool in statistical inference. In the case of the sample mean, we 

are assured of at least an approximately normally distributed sampling distribution under three 

conditions: (1) when sampling is from a normally distributed population; (2) when sampling is 

from a nonnormally distributed population and our sample is large; and (3) when sampling is from 

a population whose functional form is unknown to us as long as our sample size is large. 

The logical question that arises at this point is, How large does the sample have to be in order for 

the central limit theorem to apply? There is no one answer, since the size of the sample needed 

depends on the extent of nonnormality present in the population. One rule of thumb states that, in 

most practical situations, a sample of size 30 is satisfactory. In general, the approximation to 

normality of the sampling distribution of  ẋ becomes better and better as the sample size increases. 

Sampling Without Replacement The foregoing results have been given on the assumption that 

sampling is either with replacement or that the samples are drawn from infinite populations. In 

general, we do not sample with replacement, and in most practical situations it is necessary to 

sample from a finite population; hence, we need to become familiar with the behavior of the 

sampling distribution of the sample mean under these conditions. Before making any general 

statements, let us again look at the data in Table 5.3.1. The sample means that result when sampling 

is without replacement are those above the principal diagonal, which are the same as those below 

the principal diagonal, if we ignore the order in which the observations were drawn.We see that 

there are 

10 possible samples. In general, when drawing samples of size n from a finite population of size 

N without replacement, and ignoring the order in which the sample values are drawn, the number 

of possible samples is given by the combination of N things taken n at a time. In our present 

example we have 

 
The mean of the 10 sample means is 

 
We see that once again the mean of the sampling distribution is equal to the population mean. 

The variance of this sampling distribution is found to be 

 

 
This result tells us that if we multiply the variance of the sampling distribution that would be 

obtained if sampling were with replacement, by the factor (N- n)=(N – 1), we obtain the value of 



the variance of the sampling distribution that results when sampling is without replacement. We 

may generalize these results with the following statement. 

 
If the sample size is large, the central limit theorem applies and the sampling distribution of  ẋ will 

be approximately normally distributed. 

The Finite Population Correction 

The factor (N – n)=(N -1) is called the finite population correction and can be ignored when the 

sample size is small in comparison with the population size. When the population is much larger 

than the sample 

 
The Sampling Distribution of ẋ: A Summary 

 Let us summarize the characteristics of the sampling distribution of _x under two conditions. 

1. Sampling is from a normally distributed population with a known population variance: 

 
2. Sampling is from a nonnormally distributed population with a known population variance: 

 
Applications  

As we will see in succeeding chapters, knowledge and understanding of sampling distributions 

will be necessary for understanding the concepts of statistical inference. The simplest application 

of our knowledge of the sampling distribution of the sample mean is in computing the probability 

of obtaining a sample with a mean of some specified magnitude. Let us illustrate with some 

examples. 

EXAMPLE 5.3.2 

Suppose it is known that in a certain large human population cranial length is approximately 

normally distributed with a mean of 185.6mm and a standard deviation of 12.7 mm. 

What is the probability that a random sample of size 10 from this population will have a mean 

greater than 190? 



Solution: We know that the single sample under consideration is one of all possible samples of 

size 10 that can be drawn from the population, so that the mean that it yields is one of the ẋ’s 

constituting the sampling distribution of ẋ that, theoretically, could be derived from this 

population. 

 
We learn in module 4 that whenever we have a random variable that is normally distributed, we 

may very easily transform it to the standard normal 

 

 



 
By consulting the standard normal table, we find that the area to the right of 1.10 is .1357; hence, 

we say that the probability is .1357 that a sample of size 10 will have a mean greater than 190. 

Figure 5.3.2 shows the relationship between the original population, the sampling distribution of 

ẋ and the standard normal distribution. 

EXAMPLE 5.3.3 

If the mean and standard deviation of serum iron values for healthy men are 120 and 15 

micrograms per 100 ml, respectively, what is the probability that a random sample of 50 normal 

men will yield a mean between 115 and 125 micrograms per 100 ml? 

Solution: The functional form of the population of serum iron values is not specified, but since we 

have a sample size greater than 30, we make use of the central 



 
DISTRIBUTION OF THE DIFFERENCE BETWEEN TWO SAMPLE MEANS 

Frequently the interest in an investigation is focused on two populations. Specifically, an 

investigator may wish to know something about the difference between two population means. In 

one investigation, for example, a researcher may wish to know if it is reasonable to conclude that 

two population means are different. In another situation, the researcher may desire knowledge 

about the magnitude of the difference between two population means. A medical research team, 

for example, may want to know whether or not the mean serum cholesterol level is higher in a 

population of sedentary office workers than in a population of laborers. If the researchers are able 

to conclude that the population means are different, they may wish to know by how much they 

differ. A knowledge of the sampling distribution of the difference between two means is useful in 

investigations of this type. 

Sampling from Normally Distributed Populations  

The following example illustrates the construction of and the characteristics of the sampling 

distribution of the difference between sample means when sampling is from two normally 

distributed populations. 

EXAMPLE 5.4.1 

Suppose we have two populations of individuals—one population (population 1) has experienced 

some condition thought to be associated with mental retardation, and the other population 

(population 2) has not experienced the condition. The distribution of intelligence scores in each of 

the two populations is believed to be approximately normally distributed with a standard deviation 

of 20. 

Suppose, further, that we take a sample of 15 individuals from each population and compute for 

each sample the mean intelligence score with the following results: ẋ1 = 92 and  ẋ 2= 105. If there 

is no difference between the two populations, with respect to their true mean intelligence scores, 

what is the probability of observing a difference this large or larger (ẋ1 -ẋ2) Þbetween sample 

means? 

Solution: To answer this question we need to know the nature of the sampling distribution of the 

relevant statistic, the difference between two sample means, ẋ1-ẋ2 Notice that we seek a probability 

associated with the difference between two sample means rather than a single mean. 



 

 

 



 
Converting to z 

We know that the normal distribution described in Example 5.4.1 can be transformed to the 

standard normal distribution by means of a modification of a previously learned formula. The new 

formula is as follows: 

 

 
difference between population means, the probability of obtaining a difference between sample 

means as large as or larger than 13 is .0375. 



 
EXAMPLE 5.4.2 

Suppose it has been established that for a certain type of client the average length of a home visit 

by a public health nurse is 45 minutes with a standard deviation of 15 minutes, and that for a 

second type of client the average home visit is 30 minutes long with a standard deviation of 20 

minutes. If a nurse randomly visits 35 clients from the first and 40 from the second population, 

what is the probability that the average length of home visit will differ  

+0.between the two groups by 20 or more minutes? 

Solution: No mention is made of the functional form of the two populations, so let us assume that 

this characteristic is unknown, or that the populations are not normally distributed. Since the 

sample sizes are large (greater than 30) in both cases, we draw on the results of the central limit 

theorem to answer the question posed. We know that the difference between sample means is at 

least approximately normally distributed with the following mean and variance: 

 



 

 
DISTRIBUTION OF THE SAMPLE PROPORTION 

In the previous sections we have dealt with the sampling distributions of statistics computed from 

measured variables. We are frequently interested, however, in the sampling distribution of a 

statistic, such as a sample proportion, that results from counts or frequency data. 

EXAMPLE 5.5.1 

Results [A-3] from the 2009–2010 National Health and Nutrition Examination Survey 

(NHANES), show that 35.7 percent of U.S. adults aged 20 and over are obese (obese as defined 

with body mass index greater than or equal to 30.0). We designate this population proportion as p 

= .357. If we randomly select 150 individuals from this population, what is the probability that the 

proportion in the sample who are obese will be as great as .40? 

Solution: To answer this question, we need to know the properties of the sampling distribution of 

the sample proportion. We will designate the sample proportion by the symbol ῥ 



Sampling Distribution o : Construction The sampling distribution of a sample proportion would 

be constructed experimentally in exactly the same manner as was suggested in the case of the 

arithmetic mean and the difference between two means. From the population, which we assume to 

be finite, we would take all possible samples of a given size and for each sample compute the 

sample proportion, . We would then prepare a frequency distribution of ῥ by listing the different 

distinct values of  along with their frequencies of occurrence. This frequency distribution (as well 

as them corresponding relative frequency distribution) would constitute the sampling distribution 

of ῥ.. 

 

     

 

 



 

 
where q = 1 -p. The correction for continuity will not make a great deal of difference when n is 

large. In the above example nῥ = 150(.4)= 60, and 

 

 
EXAMPLE 5.5.2 

Blanche Mikhail [A-4] studied the use of prenatal care among low-income African- American 

women. She found that only 51 percent of these women had adequate prenatal care. Let us assume 

that for a population of similar low-income African-American women, 51 percent had adequate 

prenatal care. If 200 women from this population are drawn at random, what is the probability that 

less than 45 percent will have received adequate prenatal care? 



 
DISTRIBUTION OF THE DIFFERENCE BETWEEN TWO SAMPLE PROPORTIONS 

Often there are two population proportions in which we are interested and we desire to assess the 

probability associated with a difference in proportions computed from samples drawn from each 

of these populations. The relevant sampling distribution is the distribution of the difference 

between the two sample proportions.  

 



 
Sampling Distribution of ῥ1- ῥ2: Construction To physically construct the sampling distribution 

of the difference between two sample proportions, we would proceed in the manner described 

previously for constructing the sampling distribution of the difference between two means. 

Given two sufficiently small populations, one would draw, from population 1, all possible simple 

random samples of size n1 and compute, from each set of sample data, the sample proportion ῥ1. 

From population 2, one would draw independently all possible simple random samples of size n2 

and compute, for each set of sample data, the sample proportion ῥ2. One would compute the 

differences between all possible pairs of sample proportions, where one number of each pair was 

a value of ῥ1 and the other a value of  ῥ2. 

The sampling distribution of the difference between sample proportions, then, would consist of all 

such distinct differences, accompanied by their frequencies (or relative frequencies) of occurrence. 

For large finite or infinite populations, one could approximate the sampling distribution of the 

difference between sample proportions by drawing a large number of independent simple random 

samples and proceeding in the manner just described. 

 



 

 
EXAMPLE 5.6.2 

In the 1999 National Health Interview Survey [A-7], researchers found that among U.S. adults 

ages 75 or older, 34 percent had lost all their natural teeth and for U.S. adults agesm 65–74, 26 

percent had lost all their natural teeth. Assume that these proportions are the 

parameters for the United States in those age groups. If a random sample of 200 adults ages 

65–74 and an independent random sample of 250 adults ages 75 or older are drawn from these 

populations, find the probability that the difference in percent of total natural teeth loss is less than 

5 percent between the two populations. 



 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



SUMMARY OF FORMULAS 

 


